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Abstract 
By using a result of L. Rudolph concerning the four-genus of a classical knot, we calculate 
the unknotting numbers of knots. We give an example of an infinite family of two-bridge knots 
which have arbitrary unknotting numbers which are equal to their three-genera. We also calculate 
the unknotting numbers of 10145, 10154 and 101h1. 0 1998 Published by Elsevier Science B.V. All 
rights reserved. 
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1. Introduction 
A link is a closed oriented l-manifold smoothly embedded in the 3-sphere S3; a knot 
is a link with one connected component. The four-bull genus (or simply, four-genus) of 
a link L is the minimum genus for an oriented 2-manifold, without closed component, 
which is smoothly embedded in the 4-ball B4 with boundary L, denoted Gs(L). The 
unknotting number of knot K, U(K), is the minimal number of crossing changes needed 
to create the unknot, the minimum being taken over all possible sets of changes in all 
possible presentations of I(. We can easily show that Gs(K) 6 U(K) for any knot K 
13,ll. 
A h+lo-bridge link C(al ! . . . , azk+l) is a link which has the following link diagram (see 
Fig. 1). Each q is an integer representing the number of crossings (1 < i < 2k + I). 
We assume that a crossing of right mist is positive (respectively negative) if i is odd 
(respectively even). We can show that all ai may have the same sign (that is, n, may be 
positive or negative for all i). 
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Fig. 1. 2-bridge link. 
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Our main results are the following. 
Theorem 1.1. If a two-bridge knot C(al, . . . , a2k+] ) satishes the following conditions: 
(i) each ai is positive, 
(ii) ai is even if the index is even (2 < i < 2k), 
then the four-ball genus of C(al , . . . ,mk+i) is equal to {Et=, a2i+1 - 1)/z. 
Remark 1.2. The three-bull genus (or simply, three-genus) of a link L is the minimal 
genus of a Seifert surface of L, denoted G(L). Note that Gs(L) < G(L). If the link L 
is strongly quasipositive (defined in Section 2), then the oriented surface which realized 
the four-ball genus of L can be embedded into S3 [6]. Hence G(L) = Gs(L) and the 
next corollary follows from Theorem 1.1. 
Corollary 1.3. For any positive integer m, there is an infinite family of two-bridge knots 
for which the unknotting number; the three-genera and the four-genera are all equal 
to m. 
Proposition 1.4. The unknotting numbers of 10 145, 10154 and 10161 are equal to 2, 3 and 
3, respectively, 
In Section 2, we review L. Rudolph’s works [4-61 on a quasipositive link which are 
used, in Section 3, to prove Theorems 1.1, Corollary 1.3. and Proposition 1.4. 
2. Quasipositive links 
In this section we survey work of L. Rudolph [4,6] on links which are called quasi- 
positive links; they are defined as follows: 
Definition 2.1. Define the n-string braid group 
B,:=gp 
( 
oz, 1 <i<n-1 
A positive band is any conjugate Waiw-’ (w E 3,); a positive embedded band is one 
of the positive bands ai,j := (gi,. . ,u~-~)c~-I(cT~, . . . ,0j-2)-‘, 1 < i 6 j 6 n 
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Fig. 2. An example of quasipositive knot. 
(e.g., each standard generator o 2 = cri.i+l is a positive embedded band); a (strongly) 
quasipositive braid is any product of positive (embedded) bands (e.g., a positive braid, 
that is, a product of standard generators, is strongly quasipositive). 
A (strongly) quasipositive oriented link is one which can be realized as the closure of 
a (strongly) quasipositive braid. 
Example. The quasipositive knot, the closure of ,8 = o~.~(T~..IcT;‘~, is shown in Fig. 2. 
See [S] or [6] for more examples. 
Let j? be the closure of p (E B,,). To prove the main theorems we use the following 
theorem due to L. Rudolph [6]. 
-I Theorem 2.2 [6]. If/3 = WICT,,W, wko&wk’ E B, is quasipositive, then 
G&) = (2 - p - n, + k:)/2, 
where I_L is the number of components qf ,8. 
3. Proof of the main theorems 
In this section, we prove our results by using a result of Rudolph of Section 2. 
Proposition 3.1. If a two-bridge knot C(al.. . . : uZk+l) satisjies the following condi- 
tions: 
(i) euch ai is positive, 
(ii) ai is even if the index is even (2 < % < 2k), 
then C(a), . . , a?+() iS a Strongly qu&pOSitiVe knot. 
Proof. If the two-bridge knot c(wi , . . . aZk+ i ) satisfies the assumption, then we have 
a Seifert surface of C(nt . , a21;+1) as described in Fig. 3 (that is, a Seifert suface 
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Fig. 3. Seifert surface. 
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Fig. 4. Subsurfaces. 
with a handle decomposition contains (k + 2) {0-handle}‘s and (at + . . . + a2k+l + 
k) { 1-handle}‘s), denoted D(ar , . . . , axk+l). 
Lemma 3.2. The next two subsulfaces (in Fig. 4) are ambient isotopic. 
By using this lemma inductively, we can show that IDjar, . , CQ~+I) is ambient iso- 
topic to the Seifert surface which is described in Fig. 5. Note that the boundary of the 
Seifert surface is a quasipositive knot (in fact, it is a strongly quasipositive knot, and the 
closure of the strongly quasipositive braid: 
P = 47+‘cw7-2 . . ul-a2k~~~~;2k . . cTy;az+2(T,*+, . . . a2ay2, 
where 1 = UZ+U~+.. . + u2k + 2: the number of strings). This completes the proof. q 
Remark. We can also prove Proposition 3.1 by using the method of L. Rudolph in [7]. 
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Fig. 5. A Seifen surfaces of two-bridge knot. 
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Fig. 6. Two-bridge knot C(27n - I, 2n, 2). 
Proof of Theorem 1.1. It follows from Theorem 2.2 and Proposition 3.1 that the four-ball 
genusoftheknotisequalto(1-((a~+u~+~~~+a~~+2)-(a~+a~+~~~+~~~+~)})/2= 
{al +a3+...+a%+, - 1}/2. 0 
Proof of Corollary 1.3. We consider the two-bridge knot C(2m - 1,2n, 2) (m, n 3 1) 
as described in Fig. 6. It follows from Theorem i.1 that Gs(C(2m - I, 2n, 2)) = m. 
By Remark 1.2, we note that G(C(2m - 1,2n, 2)) = m. Note that changing the m 
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Fig. 7. 10145, 10154 and 10161. 
crossings on the parts of 2m and 2 yields the unknot, so U(C(2m - 1,2n, 2)) = m. Note 
that a two-bridge knot is an alternating knot. The number of crossings of the (reduced) 
alternating diagram is the minimal number of crossings of any diagram of the alternating 
knot, and for each pair (nl , nz) of positive integers, C(2m - 1,272,) 2) is not equivalent 
to C(2m - 1,2n2,2) if 121 # 1~2. 0 
Proof of Proposition 1.4. The notation 10, is that of J.H. Conway [2]. The knots 10145, 
10154 and 1Ot~t are shown in Fig. 7. By using the algorithm of braid representation [8], 
we obtain the braid representations of 10145, 101s4 and 10161, as described in Fig. 7. 
Note that the mirror image of 1014s is a quasipositive knot, and in fact 10154 and the 
mirror image of 10161 are strongly quasipositive knots. Hence by using Theorem 2.2, we 
can calculate the four-genera of 10145, 10154 and 10161 which are equal to 2, 3 and 3, 
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Fig. X. Crossing changes. 
respectively. Note that changing the crossings which are marked as in Fig. 8 suffices to 
create the unknots, so ci(lOt~~), U(lOr54) and U(lOt61) are equal to 2. 3 and 3. 0 
Remark. It is well known that Ia(h < Gs(K) (< U(K)), where a(K) is the 
signature of a knot K. This comes from the work of K. Murasugi [3]. Note that the 
absolute values of the signatures of 10145, 10 154, and 10161 are equal to 2, 4, and 4, 
respectively. Indeed, we can show that there is an infinite family of knots which have 
any four-genera (respectively any unknotting numbers) and arbitrary gaps between four- 
genera (respectively unknotting numbers) and the halves of the absolute values of the 
signatures by using this method. 
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